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Abstract. We show that directed minimal cones in R n+1 which have at most 
one singularity are - besides the trivial cases 0, M 7i + 1 - half spaces. Using blow- 
up techniques, this result can be used to get C 1,A -regularity for the measure- 
theoretic boundary of almost minimal Caccioppoli sets which are representable 
as subgraphs in R", n < 8. This provides a different method to obtain a result 
due to De Giorgi. We also prove a splitting theorem for general directed 
minimal cones. Such a cone is of the form R fc X Co, where Co is an undirected 
minimal cone or a half-line. 



1. Introduction 
Let C C be a minimal cone with its vertex at the origin, i. e. 

x e C, T > ==>• TX £ C 

and 



J \D X c\ < J \D X f\ 



q n 

whenever il c is an open bounded set and C A f d !J. We denote the 

characteristic function of a set E by xe- A measurable set M C K™ +1 is called 
directed with respect toro€ R" +1 \ {0}, if the functions 

K 9 i h-> D P (M, x + tw)= w~l 1 p~( n+1 ' ) J X m= J XM/Jl 

B p (x+tw) B p (x+tw) B p 

are monotone decreasing for each p > and x £ R n+1 . Such a set is called directed. 
Now let us assume additionally that the cone C is directed, nontrivial (C ^ and 
C M™ +1 ) and has at most one singularity. In this case we prove a regularity 
theorem which states that such a cone is a half space. This result was also obtained 
by DeGiorgi in [1]. 

Even for non-directed cones, this result is well-known [7], provided that the 
dimension is small, i. e. n < 6. Let E C K™ +1 be an almost minimal set and 
x 6 dM. We may assume that x = 0. Define for t > 

E t := {x e K n+1 : tx G E}. 

For an almost minimal set it is well known that there exists a sequence ti [ 0, such 
that 

E ti - C in Ll c (R n+1 ) 
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and C is a nontrivial minimal cone. The regularity of dE at is connected with 
the regularity of dE at by the equivalence 

e d*E e d*C 

for the reduced boundaries. Especially if dC is a hyperplane through the origin 
we get € <9*-E. It is well-known [7] that in the case of small dimensions (n < 6) 
this blow-up technique yields equality of the measure-theoretic boundary dE and 
the reduced boundary d*E for almost minimal sets E C R n+1 , because the only 
nontrivial minimal cones in R™ +1 are half spaces. In R 8 there are counterexamples. 

An application of the regularity theorem is as follows: The regularity theorem 
allows us to conclude in the same way dE — d*E in R 8 , when E is a directed set. 
This occurs for example when E is representable as a subgraph. Let w € R 8 \{0} be 
the corresponding direction. Obviously the sets E ti are again directed with respect 
to the same vector w. Since the limit in Lj oc (M. n+1 ) of sets which are directed with 
respect to w is directed, too, the blow-up technique yields a minimal nontrivial 
directed cone C. Thus ([5]) the dimension of the singular set is limited by 

H s (dE\d*E) = Vs>n-7. 

If there were another singular point apart from the origin, the property of C being a 
cone would imply H 1 (dE\d* E) = +oo, contradicting n < 7. This shows that there 
is no singular point besides the origin. Therefore the regularity theorem implies 
that C is a half space and consequently we get dE — d*E. This proof is valid for all 
n < 7. The problem in extending this result to R n+1 with n > 8 is to show that the 
singular set consists of at most one point. In R 9 there is indeed a counterexample 
which shows that there exists a nontrivial minimal directed cone which is different 
from a half space. 

We give an alternative approach to these results that yields more information 
about the structure of a directed minimal cone. This is contained in the splitting 
theorem that generalizes Corollary 4.10, namely, if C is an open singular minimal 
cone with its vertex at the origin, then C is of the form Co x M fc , where Co is an 
undirected minimal cone. 

This rest of the paper is organized as follows: In Section 2 we introduce notations 
and recall some well known facts. In Section 3 we consider directed cones and show 
that directed cones are weakly star-shaped with respect to certain points. These 
properties are essential for the proof of the regularity theorem which is stated 
and proved in Section 4. In Section 7 we state and prove the splitting theorem. In 
Section 5 we apply the regularity theorem to subgraphs, in Section 6 we show how it 
can be applied to getting hypersurfaces of prescribed mean curvature homeomorphic 
to S n for n < 7. Since we use the fact that the cones arising are directed, the results 
of [2] for up to seven dimensions remain true in eight dimensions. 

This paper contains unpublished results, obtained in 1998/1999 while the author 
was in Heidelberg. He would like to thank Claus Gerhardt for many stimulating 
discussions about minimal cones and their applications. 

2. Preliminaries 

Notation 2.1. The characteristic function of a set M will be denoted by \m- 
If we are concerned with coordinates in R™ +1 , (x,t) stands for (a; 1 , . . . , x n ,t) and 
x = (x,x n+1 ) abbreviates the first n coordinates by x. Assume in the whole paper 
n > 2. 
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Definition 2.2 (almost minimal). A measurable set E C R" +1 is called almost 
minimal in C if there exists a A such that < A < 1 and for all sets 

A <e Q there are numbers R and K such that < R < dist (A, Zfl) and if > 
w/mc/i the inequality 



J \D X e\< J \D XF \+Kp" 



\ J ~ , AF\ T- 

B„(x) S p (x) 



/or ei)ery iei, < p < R and E A F <e B p (x). 

E is called (locally) minimal, if we can choose K = 0. 

In this paper we deal with two kinds of boundaries, the measure-theoretical 
boundary and the reduced boundary, which are defined according to [5, p. 43]. 
Obviously these definitions are invariant, if we change the respective sets by a set 
of Lebesgue measure zero. 

Definition 2.3 ((measure-theoretical) boundary). Let E C M™ +1 be a measurable 
set. Define the measure-theoretical boundary 

dE := {x G K Il+1 : < \B r (x) n E\ < \B r (x)\ Vr > 0}, 

and the measure-theoretical interior and the measure-theoretical exterior by 

E„ := {x e : 3r > : \B r (x) n E\ = \B r (x)\} 

and 

Z^E := {x G : 3r > : = |B r (x) n 

According to this definition, E^ and C^i? are open sets. R" +1 is the disjoint 
union of E^, Z^E and dE. Later-on we will denote E^ resp. Z^E simply by E resp. 
ZE. If E is an almost minimal set, E and E p lie in the same equivalence class. 
This follows immediately, since the boundary of E is the union of a diffcrentiablc 
manifold and of a set of H s measure zero, if s > n — 7, and is therefore a set of 
H n+1 measure zero. So we will always assume that an almost minimal set is open. 

Definition 2.4 (reduced boundary). Let E C M™ +1 be a Caccioppoli set. The 
reduced boundary d*E consists of those points x G for which 



J \D XE \>0 V P >0 



B„(x) 



is valid and the limit 



Wm-Vpix) = v{x) 
pio 



exists. The vector v p (x) is defined by 



I D XE 
v p {x): BAX) 



I \D X e\- 

B„(x) 



If \v(x)\ = 1, u{x) is called the inner (unit) normal to E at x. 
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Definition 2.5 (singularity). A point x € R™ +1 is called a singularity of the mea- 
surable set M C R n+1 , ifx e dM \ d*M. The set dM \ d*M is called the singular 
set of M or the singular set of dM . 

A point in the boundary which is not singular is called regular. 

Definition 2.6 (cone). A set C C M. n+1 is called a cone with vertex x, if 

y e C => x + r(y - x) e C VO < r. 

Moreover, if C ^ and C ^ R™ +1 , C is called a nontrivial cone. 

Lemma and Definition 2.7. Let E C W l+1 be an almost minimal Caccioppoli 
set in the open set Q C R n+1 . Assume that G dE. If E t := {x G : tx £ E} 

converges in Lj oc (M. n+1 ) to a set C for a given sequence ti — > 0, tj > 0, then C is 
a cone which is different from R n+1 and 0. We define ^-convergence of sets by 
using the corresponding characteristic functions. Such a cone C is called a blow-up 
cone of E around 0. 

Proof: Proceed as in [5, Theorem 9.3] and use the estimates of [7, p. 118] and 
[7, Proposition, p. 137]. □ 

Remark 2.8. In small dimensions, i. e. for n + 1 < 8, the blow-up cone C of an 
almost minimal set around a point of its boundary has no singularity apart from the 
origin: If there were another singularity, this would imply that a half-line would 
be singular, because C is a cone. But this is a contradiction to the fact, that 
H s (d*C \ dC) = for s > n - 7. 

Recall that the reduced boundary of a minimal set is an analytic manifold. So, 
in particular, the boundary of a minimal cone is analytic apart from the origin, if 
n + 1 < 8. 

Definition 2.9 (subgraph). Let if : A — > [— oo,+oo] be a measurable function. 
Define the subgraph of the function ip by 

sub ip := {(x,t) e A x K : t < ip(x)}. 

Remark 2.10. If a cone with its vertex at the origin is a subgraph of a function u, 
then u is positive homogeneous of degree 1. 

3. Directed Cones 
Definition 3.1 (directed set). Let E C W l+1 be a measurable set, y e \ {0}. 

D p {E,x) := O-"- 1 J xe 

B p (x) 

is called approximative density of E in x with respect to the radius p. 
A set E is called directed with respect to y, if the maps 

f x , p [0,1], t^D p (E,x + ty) 

are monotone decreasing with respect to t for any x G p > 0. Such y is called 

direction of the set E. 

It is possible that a set has several linearly independent directions. 
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For a measurable set M we have the definition (cf. e. g. [5]) 

x £ M :<^=> 3p > : / Xm = / 1 ^ 3p > : £> P (M, x) = 1, 



B p (x) B„(x) 

x £ CM :<^=> Bp > : y xm = <^=> 3p > : D p (M, x) = 0. 

B„{x) 

Lemma 3.2. Let M C M™ +1 &e a measurable set which is directed with respect to 
v. Then for any x £ and t > we have the implications 

x £ Cm => x + tv £ Cm 



and 



x £ M x-tv £ M. 



Proof: According to the definition of the measure-theoretical complement of a 
set there exists in the case x £ CM a p > such that D p (M,x) = 0. Since M is 
directed with respect to v, it follows for t > that 

D p (M, x + tv) < D p {M, x) = 0. 

D p (-, •) is non-negative, so D p (M, x + tv) = 0. This implies x + tv £ CM. 

In the case x £ M the proof is similar: x £ M +> 3p > : D p (M, x) = 1. M is a 
directed set. Now £ > implies D p (M,x — £u) > D p (M 7 x) = 1 and it follows that 
i-toeMas above. □ 

Corollary 3.3. Let M C R rl+1 be a measurable set which is directed with respect 
to v. If x £ R ra+1 and £ > are such that x £ DM and x + tv £ dM, it follows that 
x + tv £ dM for0<r <t. 

Lemma 3.4. Let M C R" +1 be a measurable set, directed with respect to v. For 
xq £ dM exactly one of the following possibilities occurs: 

(1) 3t ^ : x Q + tv £ dM, 

(2) V£ > : x Q + tv £ CM and x - tv £ M. 

Proof: Assume x + tv dM for t ^ 0, i. e. x a + tv £ M U CM for t ^ 0. 
Therefore we have to show that the second possibility occurs: 

For t > the possibility xq + tv £ M is excluded: Assume £ > 0. Then 
xq + tv £ M cannot happen, because in accordance to Lemma 3.2 xq + tv £ M 
implies x = (x + tv) — tv £ M contradicting x £ dM. It follows x + tv £ CM 
for £ > 0. xq — tv £ CM does not occur for £ > for a similar reason. Thus the 
statement is proved. □ 

Lemma 3.5. Let M C M™ +1 be a measurable set which is directed with respect to 
v. Then CM and — M = {x £ M™ +1 : —x £ M} are directed with respect to —v. 
Especially —CM is again directed with respect to v. 

Proof: The statement follows at once from the equations 

D p (M,y)+D p (CM,y) = l 

and 

D p (-M, -x - tv) = D p (M, x + tv) 
which are valid for any x £ R n+1 and p > 0. □ 
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Lemma 3.6. Let E C R™ +1 be representable as a subgraph. If t% J. is as before 
such that Et t = {x G R" +1 : Ux G E} converges in Lj oc (R n+1 ) to a cone C, then 
C is directed with respect to e n +i- 

Proof: As a subgraph, E is directed with respect to e n+ \ (cf. Remark 3.9). If C 
were not directed with respect to e n +i, there would be x G R™ +1 , p > and t > 
such that 



Xc- 

B p (x) B p (x+te n+1 ) 

In the same way as for E we get that E ti is directed with respect to e„+i. Because 
of the convergence E ti — > C in Lj oc (M. n+1 ) we immediately get a contradiction to 
the inequality above. □ 

Definition 3.7 (weakly star-shaped). A set M C R n+1 is called weakly star-shaped 
with center x, if for all z € M we have x + t(z — x) G M if < r < 1. 

The following Lemma is essential for the proof of the regularity theorem: 

Lemma 3.8. Let C be an open cone with vertex at the origin which is directed with 
respect to e n +i- Then C is weakly star-shaped with center x = (0, —t) for allt > 0. 

Proof: Let y = (y,y n+1 ) G C and r with < r < 1 be arbitrary. We show 
that x + r(y — x) = (ry, —t + r(y n+1 + t)) is an element of C. Being a cone, C 
contains (ry, ry n+1 ) because of y G C. —t(l — r) is negative, so Lemma 3.2 implies 
(ry, Ty n+1 ) - t(l - r)(0, 1) = (ry, -t + r(y" +1 + t)) G C. □ 

Remark 3.9. For a measurable set M C such that H n+1 {dM) = the fol- 

lowing two statements are equivalent: 

(1) M is the subgraph of a measurable function u, 

(2) M is directed with respect to e n+ \. 
The measurable function u in (i) is given by 

u(x) := sup{t G R : (i,t) G M}. 

Proof: "(i)=>(ii)": 

Let M = subw be a given set. It follows that XM(x,t) = 1 for t < u{x) and 
XM(x,t) = for t > u(x), i. e. \M(x,t) is monotone decreasing with respect to t 
for any x G K™. By integrating, we get for any p > 0, r > and x G M™ +1 

y XM(z)dz> J xm(z + Te n+1 )dz = j XM{y)dy. 

B p (x) B p (x) B p (x+Te n+1 ) 

Therefore M is a directed set. 

«(ii)=Ki)»: 
Define for x G R™ 

u{x) := sup {i G R : (x, t) G M} . 

We remark that (x,t) G M is equivalent to the existence of a p > such that 
D P (M, (x,t)) = 1. Since M is a measurable set the function u is measurable. 
Define U := subw. 
a) M C C/: 

Assume that (x,t) G M. Since the supremum in the definition of u(x) is not 
assumed, it follows u(x) > t and therefore (x,t) G U. 
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b) U C M: 

Assume (x,i) G U, i. e. u(x) > t. The definition of u(x) implies that there exists a 
r such that u(x) > t > t and (x , r) G M. Now Lemma 3.2 yields (x, i) G M, since 
t - t < and (x,t) + (i - r)(0, 1) = (x,t). □ 

Definition 3.10 (cone of directions). Let E C R ,l+1 be a measurable set. Dir (E), 
the cone of directions, is defined to be the set of all directions of E together with 
the origin. 

Remark 3.11. Definition 3.10 is equivalent to 

Dir (E) :={y G R Il+1 : f x . p : R -> [0, 1], tn D p (B, x + ty) 

is monotone decreasing for any x G R" +1 and any p > 0}. 

Lemma 3.12. Let E 1 C R" +1 be a measurable set. Then Dir (E) is a closed cone 
which is also closed under addition. 

Proof: 

(i) The fact, that Dir (E) is a cone follows immediately from the Definition 3.10. 

(ii) Dir (E) is closed under addition: 

Let yi,j/2 G Dir (E) be arbitrary. According to the definition this is equivalent to 

D pi (E, x 1 + tij/i) < D P1 (E, xi + rij/i) 

and 

D p2 (E, x 2 + t 2 y 2 ) < D P2 (E, x 2 + r 2 y 2 ) 

for any x\,x 2 G R" +1 , pi, p 2 > and t\,t 2 ,T\,T 2 G R such that t\ > n and t 2 > t 2 . 
We have to show now, that 

D p (E, x + t( Vl + y 2 )) < D p {E, x + t{ Vi + y 2 )) 

for any x G R™ +1 , p > and t, r G R such that t>r. We choose now xi = x + ty 2l 
t\ = t, pi = p, T\ = r, x 2 = x + rj/i, *2 = t, p 2 = p, t 2 = t and deduce from the 
inequalities above 

D P (E, (x + t2/ 2 ) + %) <£» P (E, (a; + ty 2 ) + t Vi ) 
=D p {E,(x + T yi )+ty 2 ) 
<D p {E,{x + T yi ) + Ty 2 ) 

verifying the claimed inequality. 

(iii) Dir (E) is a closed set: 

Let yi G Dir (E) for i G N such that j/j — > y as i — > oo. We have to show y G Dir (E). 
Assume in contrast y £ Dir (E). Then there exists x G R" +1 , p > 0, t, r G R such 
that f > r and 

L> P (E, x + ty) - D p (E, x + ry)> 0. 

W. 1. o. g. we can assume r = 0. t/; S Dir (E) implies 

D p {E,x + ty,)- D p (E,x) < 0. 

Since D p (E,x + tyi) converges to D p (E,x + ty) as i tends to infinity we get a 
contradiction and the statement follows. □ 
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4. Regularity Theorem 

Definition 4.1. An open set M C R n+1 is said to lie on one side of a hyperplane T 
if an adjusted rotation and translation of the coordinate system yields the following 
situation 

x = (x, x n+1 ) e T x" +1 = 0, 

x = (x, x n+1 ) E M => x n+1 > 0. 

Lemma 4.2. Let C C R" +1 be a cone which is representable as a subgraph of aC 1 - 
function u in a neighborhood of its vertex. Then dC and the tangential hyperplane 
T to dC at the vertex of C coincide and C is a half space. 

Proof: By a translation we can assume w. 1. o. g. that the vertex of the cone 
is the origin. Since C is a cone, u is positive homogeneous of degree 1 and has a 
well-defined extension (w. 1. o. g. u) of the same homogenity which is defined on 
the whole R". The subgraph of u is C. Let v <G R" be arbitrary. It follows 

/ ^ rr .s > -,. u(tv) — u(0) 
(Du(0),v) =lim V >- V ' . 

If we take into account u(0) = and use the fact that u is a positive homogeneous 
function, we deduce for t > 

(Du(0),v) = lim t -^±=u(v). 

The left-hand side of this equality is linear with respect to v. Hence u is a linear 
function. Thus C is a subgraph of a linear function and the statement follows. □ 

Lemma 4.3. Let C C R™ +1 be an open minimal cone with its vertex at the origin. 
If C is directed with respect to e n+ i and there exists at>0 such that z := (0,i) € 
CC and (0, —t) € C , then dC is a hyperplane. 

Proof: W. 1. o. g. we assume n > 7. Choose r > such that D r (C, z) = and 
D r (C, —z) — 1. Define a cone K by 

K := {(x, -t) : r > 0, rr > \x\t} . 

It follows 

(i) KcC and -K C CC: 

Let (x, —t) € K be arbitrary. Since if is a cone, we get {x-, — r-) = (x-, —t) E K. 
Now \x^\ < r implies (x^, -t) e B r {—z). Choose s > such that B s ((x^, -t)) C 
B r (— z). The equality D r (C,—z) = 1 implies D s (C, (x^,—t)) = 1 and therefore 
we get (x^,—t) G C. C is a cone, so we deduce (x, — r) e C. As (i, — r) e if was 
arbitrary, so we get KcC. 

In the same way —if := {(x, r) : t > 0,rr > C CC is proved. 

(ii) Rcprcscntability of dC as a graph: 

We will show, that dC can be represented as a subgraph over R™ \ S besides a set 
which has ii"~ 5 -measure zero. E is a closed set of ii n_6 -measure zero. 

For s > n - 7 we get H s (dC\d*C) = by Theorem [5, Theorem 11.8, p. 134]. 
This implies especially H"- 6 (dC \ d*C) = 0. Define it : R™ x R -> R™ by 
7r((x, = i and S := ir(dC\d*C). Since 7r is Lipschitz continuous we deduce 

ff"- 6 (E) = 0, hence ii"- 5 (S xl) = and ii"- 5 ((S x R) n 9C7) = 0. S is a closed 
set, because tt is continuous and in view of (i) (dC\d*C) fl (F x K) is compact for 
any compact set Fcl". 
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Let x G R" \ S be arbitrary. As if C C, t > ^ implies (x, r) e CC and 
(x, — r) G C. {x} x 1 is connected, C, CC und <9C are disjoint and we have 
C U CC U <9C = R n . Regarding the fact, that C and CC are open sets we deduce 
({x} xl)fl dC ^ 0, because a connected set is not the disjoint union of two non- 
empty open sets, in this case ({x} x R) D C with (x, — r) € C and ({x} x R) n CC 
with (x,r) e CC for all r > The set ({x} x M) n <9C is bounded because 

(x, t) G CC and (x, — r) G C for all r > 1^1*. C is directed with respect to e n+ \ and 
dC is closed, so Lemma 3.2 implies ({x} x R) (IdC = {x} x I for a compact interval 
/. The boundary of C is analytic in the complement of S x R and so I consists 
of exactly one point. Therefore we have a function u G Lj oc (M. n \ £), whose graph 
coincides with dC \ (S x R) and we have the equality C n ((R™ \ S) x R) = sub w. 
Observe, however, that u is not automatically analytic, because the boundary dC 
in the complement of S x R is only analytic as a manifold. 

(iii) Regularity of u: 

Let 51 <e R™ \ S be an open ball. Since the subgraph of u|q has finite perimeter 
in £1 x M, i. e. J |-Dx su b«| < oo, and u G L°°(Q), we can use [4, Theorem 1, 

OxR 

p. 317] to deduce u G BV(Ct). According to [3] we get u G C° !l (0). But u is 
also a weak solution of the minimal surface equation and this implies u G C 2 (il). 

was an arbitrary open ball. Thus we deduce u G C 2 (R™ \ S). We have 
_ff"~ 6 (yj) _ SQ Theorem [5, Theorem 16.9] can be applied, i. e. u can be extended 
to a function in C 2 (R") solving the minimal surface equation, subu is an element 
of the L 1 -equivalence class of C independent of the choice of the extension, because 
another extension changes subu at most by a subset of S x R and iJ™~ 5 (£ x R) = 0. 

(iv) dC is a hyperplane: 

This follows immediately from Lemma 4.2. □ 
The following Lemma is - besides Lemma 3.8 - the essential part of the proof of 
the regularity theorem: 

Lemma 4.4. Let M C M™ +1 be an open weakly star-shaped set with center xq G 
dM. If the boundary of M is of class C 1 in a neighborhood ofxo, then M lies on 
one side of the tangential hyperplane T = T XQ dM C M™ +1 . 

Proof: By a translation of the coordinates we can assume that xq = (0, 0) G 
R" x R. Since dM is of class C 1 in a neighborhood of xq, we reach the following 
situation by a suitable rotation of the coordinates: There exist R > and u G 
C^Bir) = C x ({x G R" : \x\ < 2R}) such that u(0) = 0, Du(0) = and for any 
x = (x,x™ +1 ) G Br x (—R,R) we have the three equivalences 

xedM x n+1 =u{x), 

x G M <^ x n+1 > u(x) 

and 

x g Cm <^=> x n+1 < u{x). 

By construction we have for any x G R" +1 

x G T <^=> x" +1 = 0. 

Assume now, the assertion would be false, more precisely: The chosen coordi- 
nates were not fulfilling the conditions of Definition 4.1. That is, the condition 

x = (x, x™ +1 ) G M => x™ +1 > 
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is violated for an x G R™ +1 . As M is an open set, there exists a point yo = 
(yo, Uo +1 ) € M with Dq +1 < 0. First, we observe that yo — cannot occur, for M 
is weakly star-shaped with center x = (0, 0) and we have for y G M that ry is 
in M for < t < 1. This implies for \ry \ < R, i. e. for sufficiently small t > 0, we 
get the inequality 

< = u(0) = u(y ) 

which contradicts the assumption 

x e M > u(x) 

for x G B R x (—R,R). Assume therefore y ^ 0. Using again the fact that M is 
weakly star-shaped, we get ryo = (Yyo, t^o +1 ) £ M for < r < 1. Choose now 
£ > such that 

< t < e => ryo e B R x (-R, R). 
In Br x (— R, R), the set M was characterized by the equivalence 

x = (x,x n+1 )EM 4=> x n+1 >u(x). 
This implies u{ryo) < tj/q +1 for < r < e. If we take into account that u(0) = 0, 
|yo| an d J/o +1 < 0, we deduce 

u(ry ) < Ty™ +1 < 0, 
\u{ T y ) - u(0)| = -u(rt/ ) > -r?y^ +1 , 

and finally 



U (ry )-n(0)| 



> 



l2/o| 



r 12/0 1 

for all < t < e. The right-hand side of this inequality is independent of t and 
positive, so we get a contradiction for t — > to the fact that the coordinates were 
chosen such that Du(0) = 0. □ 

Theorem 4.5 (Regularity Theorem). Let C C W l+1 be an open nontrivial minimal 
cone which is directed with respect to e n +i- Assume that the vertex of C is the origin 
and that C has at most one singularity, i. e. C is at most singular in the origin. 
Then dC is a hyperplane and C is a half space. 

For n < 6 there is nothing to be proved, the statement is true according to [5, 
Theorem 10.11, p. 127] even for non-directed cones. 

Proof: dC is regular apart from the origin, so dC \ {0} is analytic. 

In view of Lemma 4.3 and due to the fact that C is directed, it suffices to consider 
the case that x$ = (0, t) e dC for some t ^ 0. 

We may assume that t < 0. Otherwise consider — CC = {x e K n+1 : —x <G CC} 
instead of C. According to Lemma 3.5, this set is directed with respect to e n +i- 

Now Lemma 3.8 implies that C is weakly star-shaped with center xq. dC is reg- 
ular apart from the origin. Therefore we have a well-defined tangential hyperplane 
T at dC. With the help of Lemma 4.4 we conclude, that C lies on one side of T. 
Since C is nontrivial, we get G dC. Finally [5, Theorem 15.5, p. 174] implies that 
C is a half space and dC = T is a hyperplane. □ 

Corollary 4.6. Let C C W n+1 be an open nontrivial minimal cone which is directed 
with respect to e n +i- Ifn + 1 < 8 then dC is a hyperplane and C is a half space. 

Proof: Remark 2.8 guarantees that C has at most one singularity which is at 
the vertex if it exists. Thus our Regularity Theorem 4.5 yields the statements. □ 
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Remark 4.7. In the Regularity Theorem 4.5, we assumed that C is regular outside 
its vertex. In the proof, however, we use only the fact, that there is a t > which 
satisfies the following two conditions: 

(i) (0, t) e dC => dC is a C 1 -manifold in a neighborhood of (0, t). 

(ii) (0, —t) G dC =>■ dC is a C 1 -manifold in a neighborhood of (0, —t). 
Therefore we get the following corollary: 

Corollary 4.8. Let C C M. n+1 be an open nontrivial minimal cone which is directed 
with respect to e n+ \ and which satisfies the two conditions (i) and (ii) stated above 
for a positive t > 0. (If one of the points (0,i) or (0, —t) is an element of dC, we 
need in fact only the respective condition. ) Then C is a half space. 

Remark 4.9. Conditions (i) and (ii) in Corollary 4.8 can alternatively be replaced 
by one of the following conditions: 

(i) There is a direction w of C which fulfills w <^ E and — w $ T, or to € dC \ S 
or -to e dC \ S. 

(ii) There is one direction to of C which fulfills to ^ (£). 

(iii) dim(D) > dim(E). 

Here D is the set of all directions and T, is the singular set of C. The brackets 
denote the vectorspace which is spanned by the respective set. 

Proof: This follows at once from Corollary 4.8, if we use the fact, that dC \ £ 
is an open C 1 -manifold. □ 

Corollary 4.10. Let C C M™ +1 be an open nontrivial minimal cone with vertex at 
the origin. Suppose C has k linearely independent directions, k e N. Then C is a 
half-space provided that n+l-k<7or H k (dC \ d*C) = 0. 

Proof: In the first case (n + 1 - k < 7) we get H k (dC \ d*C) = 0, for k > n - 7 
and C is an almost minimal set, so the second case includes the first one. 

Since C has k linearely independent directions we deduce according to Lemma 
3.12 that _ff fc (Dir(C)) = oo. But we assumed that the /c-dimensional Hausdorff- 
measure of the singular set of C vanishes. So we can find x £ R™ +1 \ {0} such that 
x £ dC \ d*C, -x(£dC\ d*C and x e Dir (C). Then we apply Corollary 4.8. □ 

5. Applications 

Theorem 5.1 (regularity for subgraphs). Assume that E C n < 7, is a 

subgraph and almost minimal (with constant X) in ft, O C M™ +1 open, then we get 
dEnn = d*E nfl and dEnfl is a C 1 ^ -manifold. 

Proof: According to the definitions we get d*E C dE. Let xo € dE fl f2 be an 
arbitrary point. Show x € d*E: By virtue of a translation we can assume that 
xo = 0. Then [7, Proposition, p. 137] guarantees that there is a sequence U — > 0, 
U > 0, such that E u := {x e R Il+1 : t t x e E} converges for i -» oo in Lj oc (R n+1 ) to 
a minimal cone C. Lemma 2.7 ensures that C is nontrivial. Then we get, according 
to the quoted proposition 

e d*C <^ x = e d*E. 

Assume that C is open. We know [5, Lemma 16.3, p. 184] that C is representable 
as a subgraph. Thus Theorem 4.5 implies that dC is a hyperplane, and therefore 
we get dC — d*C. Using the equivalence from above, we get x € d*E. Finally, 
[9, 10] yields that dE n f2 is a C 1,A -manifold. The theorem is proved. □ 
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Theorem 5.2. Simons' cone 

{m 
i=l i=m+l ) 

is minimal for m > 4. 

Proof: [5, Theorem 16.4, p. 185] □ 

Lemma 5.3. Theorem 5.1 is false in R 9 , i. e. if we replace the assumption E C 
R n+1 , n<7, by E C R n+1 , n < 8, we cannot prove dEnQ = d*E n 0. 

Proof: Let K := K s be the minimal cone denned in Theorem 5.2. JfxRcl 3 
is obviously the subgraph of the function u defined by 

-foo : x G K 
-co : x £ K 



u(x) :- 



for all x € K 8 . The set K x R is minimal [5, Example 16.2, p. 183]. In this example, 
the measure-theoretical and the reduced boundary differ, we have d(K x R) = 
d*(K x R)U({0} x R). This equality follows, because the reduced boundary of an 
almost minimal set E C M™ +1 consists exactly of those points x of the boundary 
for which dE is a C 1 -manifold in a neighborhood of x. □ 



6. Prescribed Mean Curvature 

The following problem is considered in [2]: 
In a complete locally conformally flat (n + l)-dimensional Ricmannian manifold N 
we look for a closed hypcrsurface M which is homcomorphic to S n and has pre- 
scribed mean curvature /, / € C 0,1 (A f ), i. e. the equation H\m = f(x) shall be 
solved by a hypcrsurface of class C 2 ' Q . The hypersurface is looked for in an open 
connected relatively compact subset il of N, which is also regarded - using a dif- 
feomorphism - as a subset of The boundary of fl consists of two components 

Mi and M2, which are given in Euclidean polar coordinates (x a )o< a < n , x° = r, 
Ui e C 2 ' a (S n 1 (0, 00)), as graphs over S n : Mi = graph Wj| s „ = {(z,Ui(z)) : z <G 
S n }. Mi and Mi act as barriers, i. e. they satisfy H\m 1 < / and H\m 2 > /; where 
the respective unit normal vector (v a ) is chosen such that the component u° is 
negative. 

In the cited paper it is proven, that under the assumptions stated above, such 
a hypersurface M exists provided that n < 6. In this chapter we extend the proof 
and show that such a hypersurface M exists up to n = 7. 

Theorem 6.1. The problem "Find a closed hypersurface M C f2 of class C 2 a such 
that H\ M = f, which is homeomorphic to S n ." has a solution if n < 7. 

We need some Lemmata: 

Lemma 6.2. The metric product S n x R is locally conformally equivalent to R n+1 \ 
{0}. 

Proof: Let N — S n x R be the metric product of S n and R. The metric of N 
is given by 

ds% = dt 2 + Oijdx l dx\ 
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where {x l )\<i< n are coordinates of S n and tel. Now we identify the manifold N 
with its image in R™ +1 under the diffcomorphism 

f : S" x 1 \ {0}, 

(x, t) i — ► (x, e*) = (x, r). 



^ is an isometry, if we equip M. n+1 \ {0} with the metric 



\dr 2 + aijdx l dx j . 



r 



((x l )i<i< n ,r) are polar coordinates of W l+1 \ {0}. Now we assume that (N, ds ^) 
(E™ +1 \ {0}, -^dr 2 + aijdx^x^ and deduce 



1 



ds 2 ^ ~—dr 2 + (Jijdx % dx^ 



^ ' '„2 i J2, 



= — {dr z + r^a^dx^x 3 ) 



— -irds M , 



r 



In the last equality we use the fact that dr 2 + r 2 o~ ijdx 1 dx 3 is a representation of 
the standard metric of R™ +1 \ {0} in polar coordinates. This equation yields that 
(N, ds 2 fj) is a locally conformally flat Riemannian manifold. □ 

Lemma 6.3. Let E C IR" +1 be an almost minimal set which is re-presentable as a 
subgraph over S n , i. e. 

E = {{x, t)eS n xR+ a R n+1 \ {0} : t < u(x)} 

is a subgraph in polar coordinates. Assume u > c> 0. Let z = (0, C 
be an arbitrary point such that z l+1 > 0. // E ti = {y E R n+1 : z Q + ti(y — z ) E E} 
converges for a given sequence ti^>0,ti>0,iEN\ {0}, in Lj oc (R n+1 ) to a cone 
C, then C is representable as a subgraph over W l = (z ) . 

Proof: Identify R n with (zq) 1 - and introduce orthogonal coordinates. Show 
that there is no x E R" such that (x, t) E C U dC and (x, r) E CC with t > r or 
(x, t) eC and (x, t) E dC with t > r. 

(i) Assume that z^ +l = 1. In order to get an easier representation in coordinates, 
we translate such that zq = 0. Then we have 

E u ={ye R n+1 : Uy E E}. 

Now, E is representable as a subgraph over S n with center (0, —1) and E ti is 
representable as a subgraph over 5™ with center (0, — j-). 

(ii) (x, t)EC and (x, t) eZC => t < t: 

Assume that there is a x E M. n , such that (xo,to) € CU <9C, (xo,t ) E CC and 
to > t . Then there exists p > such that D p (C, (x o, t )) = 0. On the other 
hand, we have D p (C, (x , f )) > 2e > 0. Since £ tj -» C in J L ; 1 oc (M"+ 1 ), we get 
the inequality D p (E ti , (x ,t )) > e > for sufficiently large i. Since each £7 ti is 

representable as a subgraph over S" with center ^0, —j^ > we deduce that 
(0,oo) 3 s^D sp (e u , (o^-^J + sa: 
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is monotone decreasing for any x £ R™ +1 , because 

1 
t 
1 



u , ( (o.-i) - *„.</) = ().,-„ .o.//e^" +l 

XB ti ( (0,-r I +52/ I =0 Vs>s 



implies 

so"" 1 / X^s""" 1 J XE t ys>s . 

TO + — 

Now, for large i the number Si :— . , i' satisfies < Sj < 1, and therefore we get 
for such i 

0<e<D p (E u ,(x o ,t )) 

=D lp [e u , (o,-^ +1 (z ,io + ^ 

=D Sip (E u , (siX ,T )) 

On the other hand, Sj converges to 1 as i tends to infinity, so we get D p (C, (xo, To)) > 
£ > 0; this inequality contradicts D p (C, (x , t )) = 0. 

(iii) (x, t) e C) and (x, r) e SC => t < r: 
This statement is proved in the same way as (ii). 

(iv) So we get for each x € R™ numbers ti,t 2 <G [— oo,+oo] with t\ < t 2 such 
that 

{x} x (—oo, t\) C C, 
{x} x ([ti,i 2 ] nR) C dC 

and 

{x} x (t 2 ,+oo) C CC. 
_ff "-almost eyerywhere in K" we have <i(x) = f 2 (x): Show only that iJ"-almost 
everywhere the inequality i 2 (x) — ii(x) < -r for k > 1 is valid. Define := 
{x e K" : t 2 (x) - ti(x) > i}. We get = H n+1 (dC) > \H n {A k ) and therefore 
ff"(A fc ) = 0. Define u(x) := ti(x). We get C = subu in L^R 7 ^ 1 ) and u is 
measurable as C is measurable. □ 

Lemma 6.4 (C. Gerhardt, according to a Seminar). Lef £7 6e an almost minimal 
set in n <l S™ x R = N = (N,g a/3 ). Regard N as a subset of R" +1 . Then E is 
also almost minimal in Q, C R™ +1 = (R™ +1 , dap). The constant A in the definition 
of almost minimal remains unchanged for < A < | . 

Proof: (i) Almost minimal in a manifold is defined in the same way as in R n+1 . 
Now the balls are geodesic balls and the perimeter is defined using the divergence 
in the manifold. Since geodesic and Euclidean balls are comparable, i. e. in any 
relatively compact subset A and for any p such that < p < R(A) there exists a 
constant c = c(A) > such that B^ p (x) C _B*" +1 (x) C B± p {x) for any geodesic 
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ball in the respective manifold with center x G A. Therefore it suffices to prove the 
statement for Euclidean balls. From now on we assume that the chosen coordinates 
are such that the standard metric of R™ +1 is represented by the metric tensor 

(ii) Let F be an arbitrary Caccioppoli set in N. Let e > 0, x e A be arbitrary. 
Choose rf" € C^(B p (xo)), < a < n, such that g a pr]fri^ < 1 and 

J I^XF|<£+ J XFD a rif. 

B p (x )CN B p (x )CN 

It follows that 

J \D XF \<e+ J XF D aV « 

B p (x )cN B p (x )<ZN 



=e + 

Bp(x ) 

For x € B p (x ), we get for sufficiently small R = R(A) and p such that < p < R 



M*o)^^)^S^)<su P sup (y&m . 

• {{9o ! f}{ x o)~'g a i}{x))fl a {x)ri fi (x) 

where the right-hand side can be estimated from above by 

l + pc{A). 

These estimates depend especially on the mean value theorem. By c(A) we denote 
a constant which depends only on A and may change its value from line to line. 



We have especially R = R(A) = c(A). If we define f/" — -^==r/"(x), we deduce 



/ \D X f\<s+ J X F^(V5WC) 



B p (x )CN B p (x ) 



<e + (1 + pc(A)) ■ sup < 

Bp(x a ) 

r) a e Cl(B p (x )),0< a<n 



9ai3( x o)v a ( x )v f> ( x ) < 1 for x e B p (x ) j 

=s + (1 + pc(A)) ■ P {WL n+i t g {xo)) {F, Bp(x )). 
As e > was an arbitrary number, we get 

J \D X f\ < (l+pc(A))-P {Rn+ i ilj{xo)) (F,Bp(x )). 

B P (io)ClV 
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(iv) Let F be again an arbitrary Caccioppoli set in N. Let < p < R, xq e A 



and rj a E CHBJxq)) such that g a Jxo)r] a (x)r]^ (x) < 1. For rj a (x) = ^^-r] a (x), 

vsO«0 

we deduce as above 



g a[j (x)r{x)f{x) <l + pc(A), 

and we infer 



/ 1^' ^tt^4) / x F i-jVWjr(x)) 

Bp(x ) 



B p (x )CN B p (x ) 

Bp(io) 



Now we take the supremum in this inequality over all i] a e C^{B p {xq)) such that 
9 a (3{xo)ri a (x)riP{x) < 1. This yields 

/ |cxf| - i+ P V) P(Rn+i '^ o))(F,gp(a:o)) ' 

B„(x )CN 

(v) The conformal equivalence means g a p{xo) = $(xo)S a p(xo) with < #(xo) < 
oo. We have 



) (F,S^(a:o)) = ^(a:o)) / \D X f\, 



f'mn+l.gl,-,,!)' 

Sp(x ) 

where </? is a positive and continuous function. 

(vi) Now assume again that E A F <s B p (xq). Using the result above, the 
inequalities of (iii) and (iv) can be written in the following form: 

j \D X f\ < (l + pc(A))<p(#(x )) J \D XF \ 

B p (x„)cN B p (x„) 

and 

B p (x )CN B p (x ) 

These inequalities are valid for any xq € A. From (ii) we deduce the estimate 



j \D X e\< j \D XF \+Kp 



n+2A 



B p (x )CN B p (x )CN 

Since ip(i!)(xo)) is a positive and continuous function of xo, combining the inequali- 
ties above yields 



\D XE \<(l + pc(A)) J \D XF \ + (l + pc(A))c(A)p n+2X . (*) 

B p (x ) B p (x ) 

Choose r with < r < p such that 

y i^x£i<^+ip n . 

B p (x )\B r (x ) 
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We get the estimate 

J \D X euba X0) \< J \D XE \+H n (dB r (x )) 

B p {x a ) B p (x )\B r (x ) 

<uj n +ip n + (n + l)w n+1 r n 
<(n + 2)Lu n+lP n = c(A)p n . 



Choosing F = E U B r (xo), we obtain 

J \D X e\ < c{A){p n + p n+2X ) < c(A)p n . 

Bp(xo) 

We multiply this inequality with pc(A), add it to (*) and get 

(l + pc(A)) J \D XE \<(l + pc(Aj) J \D X F\ + c(A)(p n+2X +P n+1 )- 

Bp(x ) B p (x a ) 

Now replace A by min{A, |} and conclude 

J \D X e\< J \D XF \ + c(A)p n+2 \ 

Bp(x ) Bp(x ) 

This inequality states that E is almost minimal in the set f2 C R rl+1 equipped with 
the Euclidean metric. □ 
Most of the proof of Theorem 6.1 in [2] is independent of the dimension, so the 
following proof contains mainly the necessary changes to get a proof which is valid 
up to n = 7: 

Proof of Theorem 6.1: As in the cited paper we get u k e C 2 ' a (S n ), k > 3, 
such that 

digraph Uk =.f-ie-^[u k -U k ^} 

and ui < u k < u k -i- These functions converge pointwise, since for a fixed x e S 1 ", 
we have a monotone decreasing sequence Uk{x) which is bounded from below. Define 
u to be the pointwise limit of u k and further ip^ — \ogu k and ip = logw. As in [2], 
we deduce that E := subtp = {(a;, t) : t < tp(x), x e S n } is almost minimal in the 
metric product S n x R. Using Lemmata 6.2 and 6.4 we can regard E an an almost 
minimal subset in Now Lemma 6.3 yields that the blow-up cone C around 

a point x € dE is representable as a subgraph, thus C is a directed cone, and the 
regularity theorem implies that C is a half space. Therefore we have x € d*E for 
any x E dE. From now on the proof of the theorem in [2] is independent of the 
dimension and can be used to deduce the final result. □ 



7. Splitting Theorem 



Lemma 7.1. Let MxRc R™ x M be a measurable set which is directed with respect 
to (x,t). If x ^ 0, then M is directed with respect to x. 



18 



OLIVER C. SCHNURER 



Proof: Since M x R is directed with respect to (x, t), we deduce in view of [11, 
Theorem 1.3.6] 



J XMxM > J 



XMxR 

B p (z)x[a,6] B p (z+ax)x[a+at,b+(jt] 

for i e K™, p > 0, -oo < a < 6 < +oo, a > and B p (i) = {x e M™ : |x - £| < p}. 
This inequality implies 



/ 



Xm, 

B p (z) B p (z+ax) 



because we have 



(b-a) xm = / Xm 



B p (z) B p (z) x [a, 6] 

and an equality of the same kind is valid for the other integrals above. Since z £ R™, 
p > and er > were chosen arbitrarily, the statement follows. □ 
The following splitting theorem contains only the case of a singular cone. For 
regular cones, however, there is no need of such a theorem, because regular cones 
are half-spaces. 

Theorem 7.2 (Splitting Theorem for directed minimal cones). 

Let C C be a singular minimal cone which has k linearly independent direc- 

tions. Then there is a singular minimal cone Co C R n + 1_fc such that C = Co x M. k 
after a suitable rotation and translation of C. 

Proof: We may assume that the vertex of the cone and the origin coincide. 
In view of Lemma 7.1 we have to prove the Theorem only for k = 1. Then the 
statement for k > 1 follows by induction. Assume that C is directed with respect 
to e„+i. 

Define u : K™ — > [— oo,+oo] as in [8] to be a measurable function such that 
C = subw. Then u is positive homogeneous of degree 1, because C is a cone. 
According to [5, Theorem 15.5] the set P := {x £ R" : u(x) = +00} is a minimal 
set. Since u is positive homogeneous of degree 1 we deduce that P is a minimal 
cone with its vertex at the origin. Define also JV := {i e 1" : u(x) = —00}. N is 
also a minimal cone with its vertex at the origin. 

The case N = P = cannot occur: N = P = implies u £ Lf£ c (M. n ) ([5, 
Proposition 16.7]). According to [4, Theorem 1, p. 317] we deduce u £ BV(R n ). 
Finally [3] implies u £ C° 4 (K") and u £ C W (K") follows. This would imply that 
C is regular, a contradiction. 

According to Lemma 3.5 we can assume that P ^ 0, because in the case P 7^ 
we replace C by — CC and proceed in the same way as we do now. 

We also remark that P is different from a half-space; otherwise we get PxM.cC 
and in view of [5, Theorem 15.5] P x I = C, a contradiction to the fact that C 
is a singular cone. In the same way it can be shown that TV is different from a 
half-space. 

C =/= W l+1 implies F / R" According to the definition of P we deduce that 
P x M c C. Then [5, Example 16.2] implies that P x R is minimal and therefore 
a singular minimal cone. Now [6, Theorem 2.4], a maximum principle for minimal 
cones, states, that two minimal cones are equal if they have the same vertex and 
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one of them contains the other one. We apply this theorem and get C = P x M. 
Define Cq := P and the statement follows. □ 

Corollary 7.3. Let C C M™ +1 be a singular minimal cone with its vertex at the 
origin. Then we have, after a suitable rotation, C — Co xl', where k G N is the 
number of linearly independent directions and Co is a singular minimal non-directed 
cone. In the exertional case, k = 0, we have of course C = Co- 

The splitting theorem contains the Regularity Theorem 4.5. 

Corollary 7.4. Let C C R n+1 be a nontrivial minimal cone with its vertex at 
the origin. Suppose C has k linearly independent directions, k € N. Then C is a 
half-space provided that n + I — k <7 or H h (dC \ d*C) = 0. 

Proof: Assume the statement were false and let C C R n+1 be a counterexample. 
Then the splitting theorem yields (after a suitable rotation of C) that C = Co x R fe , 
where Co is a singular minimal cone in IR™ +1 ~ fe . 

Since n + 1 — k < 7 contradicts the non-existence of singular minimal cones up 
to M 7 ([5]), this case does not occur. 

In the second case we deduce that H°(dCo \ d* Co) > 1, because Co is a singular 
minimal cone. This implies 

H k (d(C Q x R k ) \ d*(C x R k )) =H k ((dC \ d*C ) x R k ) 

>H (dC \d*C ) > 1 

>0 = H k (dC\d*C), 

contradicting C — Co x R fe . Thus the statement is proved. □ 

Corollary 7.5. Let C C R n+1 be an open minimal cone with its vertex at the 
origin. If C is nontrivial and directed with respect to e„+i and there exists at > 
such that (0,t) € CC or (0, —t) € C, then dC is a hyperplane. 

Proof: In view of Lemma 3.5 we can assume that (0, —t) € C. So there exists 
p > such that B p ((0, —t)) C C. Thus u(x) > —t holds for |x| < p, where u is 
defined as in Remark 3.9 such that subw = C. In view of the homogeneity of u, 
this implies u(x) > — oo for x € W 1 . Therefore we deduce that N = 0, where the 
notation from the proof of the splitting theorem has been used and will be used in 
the rest of this proof. Since P = implies the statement as shown in the proof of 
the splitting theorem, we may assume assume ^ P ^ W\ Following again the 
proof of the splitting theorem, we deduce that C = P xl. We choose now x € CP. 
Since CP is a cone, we have tx e CP for r > and (tx, —t) £ CC, but (tx, —t) 
converges to (0, —t) € C for r — > 0. This is a contradiction, because C is an open 
set. □ 

Remark 7.6. The assumptions of Corollary 7.5 imply also (u, e n +i) < 0, where v is 
the inner unit normal of C. 
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